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THE APPLICATION OF FRONT TRACKING TO TIHF SIMULATION OF
SHOCK REFRACTIONS AND SHOCK ACCELERATED INTERFACE MIXING

JOIN W, GROVE 243 YEMIN YANG!, QLANG ZHANGYE DAVID 1L SHARPS,
JAMES GUIMMY? 10 BRIAN BOSTON., AND RICHARD HOLMES

ABRSTRACT. We report new results on the Rayleigh Taylor and Richtmyer- Meshhov instabili
ties. Highlights inelude ealeulations of Richtmyer-Meshikov ainstabilities m curved geometries
without grid orientation effects improved agreemeat between computations and experiments
in the case of Richtmyer-Meshkov instabilities at a plane mterface, and a demonstration of
o inecrease in the Rayvleigh-Taylor mixing layer growth rate with increasing compressibility,
along with a loss of universality of this growth rate. Fhe prineipal computational tool used
in obtaining these resalts was i code based on the front taacking, method

l. INTRODUCTION

The mixing behavior of two or more fluids plays an iimportant role in a number of physical
processes and technological applications. We consider two basie types of mechauical (i.e.. non
diffusive) fluid mixing. I a heavy fHuid is suspended above a lighter fluid in the presence of a
gravitational field, small perturbations at the fluid inerface will grow. This process is known as
the Rayleigh-Taylor instability, One can visualize this instability in terms of hbubbles of the light
fluid rising into the heavy Hoid, and Gugers (spikes) of the heavy flnid falling into the light {luid.
A similar process, called the Richtmyer Meshkov instability [13, 15), oceurs when an interface is
accelerated by a shoek wave, These instabilities have several common features, Tndeed, Richtmyer’s
approach to understanding the shock indueed instability was to view that process as resalting from
an aceeleration of the two Hnids by o strong, eaavitational fivld acting for a short time.

We examine three separate aspects of the Rayleigh Faylor and Richtimyer Meshkov problems,
Section 2 divensses direet numerical simulitions of Richtmyer Meshkov type problems nsine, front
tracking, Front tracking is an adaptive method which provides sharp resolution of distinet waves
in fluid flows, ‘This is accomplished by the use of a dynamically moving, co dimension one prid
that follows the trached wave fronts, Our conclusion is that front tracking is a valuable nmumerical
method due toits ability to remove numerical diffusion, enhanee the resolition of the compntation,
and reduee or elimimate grid orientation efleets. Section 3 deseribes an analysis of the Sione teem
prowth in the unstable modes of o shocked wterface asine, a lineatization of the Foler equations,
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We compare the solution of the Enearized equations witho an impuolsive model of the mining process
due 10 Richtmyer, and with pnmerical solutions of the fll Fuler equations. We show that for
sufficiently s amplitudes ot the perturbations in the luid interface. the finear theory aerees
with the unmerical solitions to the fully nonlinear =vstem.  We noticed that in many cases the
resalts of the impulsive model disagreeod with the exact solation to the lincarized equations. We
also report in section 4 on recent work that has examined the role of compressibility in the Rayleigh-
Taylor problem. It is shown that the mixing layer growth rate increases markedly with increasing
compressibility and this effect is accompanied by a loss of universality. This is the first prediction
of an important property of the Rayleigh- Taylor mixing layver cutside of the range of existing
oxperiments,

2. FRONT " ACRING SIMULATIONS OF SHOCK INDUCED SURFACE INSTABILITIES

The front tracking method represents a surface of discontinuity in a fluid low as a sharp interface,
thereby eliminating numerical diffusion. This results in a substantial increase in compntational
resolution, and a corresponding increase in efticieney, which hasi been utilized to increase the detail
and scope of computations attempted.  Moreover, front tracaing can be combined with modern
shock capturing methods to provide a computational tool of great flexibility for modeling flows
dominated by shocks and fluid interfaces. The shock capturing provides a robust alternative to
tracking when the interacting waves produce configurations that are too complicated to track, while
tracking improves the ability of the shoek capturing code to resolve secondary features of the flow.
The general goal of our effort is to achieve a good balance between the inereased resolution of the
tracked wave fronts and the robustness of the shoek capturing methods.

An important aspeet of our front tracking code in simulations of the Richtmyer Meshkov insta-
bility is its ability to handle interactions hetween tracked waves. It can automatically deteet the
collision of two wave fronts, analyze the resulting interaction, and modify the tracked wave data
structures accordingly. References [4, G, 90 11, 12] deseribe the basie algorithms and provide details
on the construction of onr front tracking code,

Figure | shows a fromt tracking simulition of the aceolerition of a pertarbed circular interface
by an expanding shock wave, The computation begins with a bubble of heavy fluid suspended o a
lighter fluid. The two fluids are initially at rest, and the bubble interface is given a slight sinusoidal
perturbation of the form r - (ry b e cos(n)), where (r.0) are the polar coordinates of apoint on the
bubble interface, Here g - 0.8, ¢ 005, and 12, Both Mluids are modeled using a polytropie
equation of state with y - L33, and the density ratio across the bubble is 5. An expanding, shock
with ahead Mach mmmber 6.6 (pressure ratio 50) is installed at o distanee 0.3 from the origin,. The
entire computation takes place within a square of side 6.0 using a 200 < 200 prid.

AU about time 039 the expanding, shock reaches the hubble interface and is refracted into an
inwardly direeted varefaction wave, and an outwardly divected transmitted shock. Note that we
track hoth edges of the rellected rarefaction, Fipure 1h shows the tracked wann e confliguration shontly
after the expancling whock has passed throuph the bubble tuterface. By this point the averave radines
of the bubble interface is approximately twice stomtal viine and the vipples on the mterface have
experioneed a phase mversion, Suehoan inveraon i typical fore interactions that produce eeflecied
rarefactions,

Figuie 1e shows the simulation just hefore the leading, edpe of the reflected rarefaction reaches the
atigin. The reflection of the rarefaction wave at the oripin produc s additional omwardly directod
witves, Phese new waves are not trached in o stmnbation, but are still reasonahly well pesolved by
the shock capturing method.

Fisare Ll shows the later tine development ol the babble mterface, Here the spikes of the heavy
flred being, ejected into the lighter flaid ontide lave hecome gquite elonpated. We alar see that the
heads ol the linpers are startioe, ta pinch ofl Fhe velocity hear acrons the ddes of the ineer. e
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FrGcure 1. The acceleration of a perturbed ciccular interface by ashock wave. A significant
advantage of front tracking s the anprovement i the resolution of interface fatures not
aligned with the finite difference grd. Note that even al late times the three fingees have
nearly the same shape and extension,

substantial, which explains the production of the Kelvin Helmholtz type roll up on the sides of the
fingers,

This computation illustrates several important points, First is the ability of front tracking to
reduce grid orientation elfects on the flnid interface. Sinee the undeclying rectangular grid is sqnare,
the effective grid size in direetions diagonal 1o the grid is 2 times coarser than in directions parallel
to the grid. Unless the grid is quite fine, this can produce a substantial degradation in the resolution
of waves in these directions. This effeet was cited, for example, in [1, 5] to explain the relatively
faster growth of fingers aligned with the coordinate axes as compared to lingers oriented af oblique
angles to the grid. We empliasize that there is very little indication of grid orientation otfect in
onr computation, Sinee the initial datais periodie in # with period o /6, cach of the three spihes i
e | oshould be identical, Tn onr siimalation we see that theee is only about a 2050 difference in
the elonpation of the apikes at the Laitest time shown.

We also comment that the asymmetry in the Kelvin Helmboltz roll up on the sides ol the onter
spihes appears to be due to an additional artificial mode that has heen produced by the interaction
of the tracked wave with the boundary,  For elliciency we condueted these simunlations using, a
gquarter cirenlar peometey with the axes of symmetey along, the positive - and g axes replaced by
rellecting, boundaries, As implemented, this vesalts ina slight loss of information at the bowndaries,
amd can lea ! to the development of additional modes in such highly anstable problems as thic one,
Weare curroutly investipating improved aleorithme fon the propapation of carves at reflectine wall.
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F1GURE 2, The interaction of a shock wave with a thermal bonmdary layer. Figures 2a-b
show the early stages of the simulation which is dominated by multiple wave interactions.
Figure 2¢ shows a detail from (b) illustrating the complexity of the tracked waven, Note
thint here the y coordinate has heen sealed by a factor of two to improve the visibility of the
multiple wave interactions. Figure 2d shows the late time formation of a central geyser in

Qe layer.

which we hape will climinate this extra mode,

Finally we observe that the expanding nature of the ontgoing shock wave has an effect on the
fluid interface quite similar to that of a gravitational accelevation: which enhances the nnstable
hehavior of the interface,

Figures 2 show a simulation of the aceeleration of a thermal houndary layer by an expanding,
shock wave, Such a layer might, for example, be prodoced by tadiant enerpy from the explosion
that initiates the shock wave, ‘This computation illustrate two important points, Phe first is the
ability of the front tracking code 1o handle complex interactions between the trached waves, e
second is that a sharp resolution of these Fateres s absolulely essential for obtaining the corret
answer to the questions of interest here,

The fayer is modeled as a region of warm gas bonnded by the wall and a contact discontinuity,
A circular, expanding shock wave is inittated at o distanee om the wall of three times the width
of the thermal laver, and aninitial radius of half the thermal layer w Hhe The fluid out-ide the
Shoek is at rest, and the density tatio between the gas inside and out e the theemal layer o000,
An adiabatie exponent of 3 LFis mwwed for the equation of state. Tee pressine ratio acro. the
shock is initially 10%, which pives an initial shock Mach wumber of 92000 Phe collision between the
<hoch and theemai Laver prodoces a amnber of interestine, wave interactions and bifurcations that
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are all installed and handled antomatically by our code,

Whea the incident shock hits the thermal layver, it producees o pair of counected shock refractions
with rellectod rarelactions. As the blast continues to expiad, there is eveptually a bifurcation in the
structure of the two dimensional wave pattern ereated by the refraction of the blast wave through
the thermal laver boundary, When this happens, the trausminted wave outruns the incident wave
producing a precursor type configuration as deseribed in P10L In modeling this bifureation we track
the precursor shock and the original incident shoek but not the refleeted rarefactions, This explans
the absence of the two middle wave edges hetween ligures 20 and 2b, which only show the tracked
waves in the simulation. This rarefaction il present in the computation as a captured wave.

Figure 2¢ shows a detail from figure 2b ol the reflection of the tracked waves near the wall. The
expanding nature of these waves leads to an eventual hifurcation from a regular to a Mach 1y pe
reflection that has been installed for the outermost pair of reflections in figure 2¢. The thermal
layer acts like a channel for the waves inside it leading to a series of multiple reflections. All of this
complicated structure is resolved within a zone of only about 20 x 10 grid blocks. Evenvually the
dominant charactenstios of the flow shift from wave nteractions to chaotic mixing, and at some
point we cease tracking all of the waves exeept the thermal boundary interface. Figure 220 shows
the interface at late time.

30 Tue RierrMYER MESHKOV INSTARMLITY IN PLANE GFOMETRY

The extremely complex nature of the Richtmyer Meshkov instability makes it ossential 14 in
vestigate simplified fluid configurations that can be used to interpret experiments and to validate
numerical computations, We analyze here the case where a plane fluid interface at rost is accelerated
by the passage of a single plane shock wave through the interface.

If we represent the interface position at time ¢ by g(r) - a(t)coskr, a formula for the amplitude
growth rate, a(f). was conjectured by Richiomyer [15] as

att) = ke "E Y w0y (41
re tp

where wois the average velocity of the contact surface alter the interaction. gy and p o are the

post shocked densities on the two sides of the contact, and a(0} ) is the perturbation amplitude

immediately after the shoek-contaet interaction.

Formula (3.1), called the impulsive model, is bhased en the assumption that the main effect
of the shock wave passing through the interface is to compress the flnids oo cither side of the
interface and to give the fluid near the interface a posh. I s also assumed that onec the shock
has passed through the interface the lnids are incompre <sible. Richtmyer verified his conjecture
using a linearization of the Eule - equations, and he demonstrated agreement botween the impulive
model and the solution of the lincarized equations for a small parameter range corresponding to
the case of a rellected shocek.

Asca fiest atep i onr program we solved the linear equations numerically for a mueh broader
ranee of parameters, including both the case of reflecred siock - and rarefactions, Hlastrative resalts
are given in table b Oure units are chosen such that 10 p & Lo where 1 is the spead of
incident shock, py s the density of the state abead of the inesdent shock, and & 1 the perturbation
wave vector. We can also st a(0 ) to one sinee in the linein theory the prowth rate, acf), i
proportional to this pre shocked perturbation amphtade. Fhe solution of the finearized equations
is completels determined by four dimensionless parianeiers: the adiabatic exponents 3y and 5,0 the
pre shoched desity ratio py/psand the ineident shoek stieneth opy pa)/ pe Phe subsevipe 1and
D el quimtitieos on the imeident and tragemitted side of the haid interface respectively, and a0 !
b refer to the abiead aml behind sides of Che merdent shoek, For the refleeted shodck cane we
points of apeeement as well as disapreement hetween the ianpulsive model and the linear theory
Ihe efloctad anetaction case showed sabagantial disacieement hetwesn the two theoties
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Table 1a Table 1b
Rellected Shock Retlected Rarelaction
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TanLE 1. Comparison of terminal velocities between the impulsive model and linear theory.
The left column of table 1a shows the incident shock strength [(ps — pa)/ps], and the 1op
row the pre-shocked density ratio (p)/pa). The upper number in each entry s from the
impulsive model, and the lower is the result of numerical simulations of the linear theory
The two adiabatic exponents are 3, = 32 = 1.5,

We have also compared the results of the linear theory to those obtained by simulation of the
full Euler equations. This serves both to determine the range of validity of the linear theory and
to validate the solution of the full Euler equations al small amplitudes.

Figures 3 and -1 show a comparison of the lincar theory and the full Euler equations, In this
problem the interface is accelerated by a shock moving from air to SFq. ‘The parameters were chosen
to agree with those occurring in - he experiments reported by Denjamin [2]. The density ratio of
SF, o air at standard conditions is 5.1, and the adiabatic exponents were taken as 3, = 1.4
and ygp, = L0394, The initial amplitude, a{0-), was 0.0637 times the period of the sinusojdal
perturbation. Figure 3 shows a plot of the normalized amplitude of the fluid interface, a(t)/a(0 ),
after its acceleration by a shock with ahiead Mach number My = 124, Figure |1 shows the valne
of a()/a(0-) for the same simulation together with the value caleulated from the Beajamin's
experiments [2]. The horizontal time axis in these figures is normalized so that ¢ = 0 corresponds
to the time at which the shock wave has completed its refraction through the interface.

Referring to the figures we ecmphasize the followving points. Fiest, for sufliciently small amplitades
the simulations of the linear theory and the [ull Foler equations agree. Second, the growth rate
as determined by the solution of the full Fuler equations is in substantial agreement with the
experimentally measured growth rate. Third, the growth rate as predicted by the linear theory,
whicn agrees with the impulsive model in this case, disagrees with experiment by a factor of
approximately two,

In these figuee we also compare front tracking ealenlations where all curves were tracked (incident,
rellected and transmitted shock waves and aterial interface) and where only the material intertace
is tracked. We note that while the two nonlinear computations agree for waeh of the simulation
they begin to diverge at late times.

In ongoing work we are investigating, the case ol reflected raeefactions, the effeets almass diflo aon
on the mixing rates, and exploring, the interaction over s wide ranpge of low paraneters,

£, THE INFLUENCE OF COMPRESSIBILITY ON FHE Growrn Rare or & Ravertan 'awion
ANINING LAy EFR

Previous investigations {7, N 16] reported on the behavior of the auter envelope of the bubble.
produced by a Rayleiph Tavior unstable interface. For incompressible or pearly incompre.able
flows, the height of this envelope is viven by

hity oAyl d1
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[FIGURE 3. A comparison of three separate calculations of tke amplitude, a(t)/a(0-), of
a shocked air-SF; interface. We see that the linear theory agrees with the nonlinear com-
putations for sulliciently small amplitudes. Figure 3b shows a detail for early times in the
computations.

where A = (p2 — p))/ (72 + m1) is the Atwood ratio of the densities of the two fluids, g is the grav-
itational acceleration, and a = (.06 is an approximately universal constant. We use M? = Ag/ci
as a dimensionless measure of the compressibility, where A is the wave length of the perturbation,
and ¢} is the sonnd speed of the heavy fluid at the interface. The number « is universal in the
sonse that it is independent of both the thermodynamic properties of the two fluids, as well as the
initial conditions at the unstable interface. This formula agrees with the experimental resnlts of
Read and Youngs [14].

Further justification of the validity of formula (-1.1) was provided by analysis which established
the existence of a renormalization group fixed point for a set of equations that approximate the
fluid motion in terms of the dynamics of a statistical ensemble of elementary modes governed by
pairwise interactions {8, 16]. Numerical solutions of this model gave a value for a in exeellent
agreement with both experiments and computations.

The above investigations, which were conducted for compressibilities AM? < 0.1, have been ox-
tended to flows with moderate to large values of A2, We conducted a series of numerical simn
lations of Rayleigh-Taylor unstable flows for a variety of different parameter regimes and values
of M? ranging from 0.1 to 1.0 [3]. T'wo sigaificant observations were made on the basis of these
numerical computations. The first is that o shows a marked dependence on M2, with the value
of o for M?* = | nearly two and a half times the valne of the incompressible (A2 2 0) limit of
Ceamp - 0.06 1n general, «cappears to an increasing Munetion of Af2, 'The secand observidion was
that v was no longer universal for larger values of M2, which is expressed by a dependence of o on
the initial distribution of the perturbations on the unstable interface,

Table 2a summarizes the results of our investigation into the dependence of o on compressibility,
The value of o, as summarized in the last column of table 2a, was computed by fitting the hubble
height A(t), as measured from an ensemble of Vodiflerent numerical simulations, versus . PFach
individual snaulation nsed a different set of random surface perturbations to act as seeds for the
unstable modes, and the reported value of o is the statistical average of the individual o,%s of the
separate runs. For sample rans with ¥ - 1 the root mean square (rms) is also reported. The ather
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FIGURE 4. The rate of change, a(1?, of the amplivude of a shocked air-SF;; interface. The
dark dashed line shows the measurement of a(t)/a(0-) obtained from the experiments of
Benjamin [2] using the same flow parameters as used in this computation. The experimental
number has been converted into dimensionless units as wmentioned in the text.

colurnns of table 2 report respectively, the compressibility M* of the initial configuration, the grid
sizes used for the simulation, the miniinum and maximum of the fourier modes used to generate
the initial random interface, the number of fourier modes (knay = Kmun + 1). and the number N
of samples. In cach sample, the amplitudes of the fourier modes were selected [rom independent
(iaussian random variables.

The data renorted in table 2a clearly indicate an increase in a for larger values of M2, We also
note that for AM? = 0.5, a is also dependent on the number of modes on the initial random surface.

We also compared the predicted values of «r as computed [rom the renormalization sroup fixed
point model with the numerical computations. ‘These results are summarized in table 2b. We
observe a dependence of o on M2, and note that the RG fixed point model begins o fail for larger
values of M?,

5. CCONCLUSION

This article summarizes recent work by members of our group on the modeling and analysis of
unstable fuid intorfaces. Our experience is that front tracking is an ellective tool for the compn
tation of these flows in two dimensions and allows us 1o wchieve good resolution of complex flows
even an relatively coarse grids.

To summirrize, our principal conclusions are: front tracking substantially reduces grid orientation
offects for computations in curved geometries, the solution of the linearized Fuler equations agrees
with numerical solutions of the full Fuler equations for the Richtmyer Meshkov problem at sufli
ciently small amplitudes, our front tracking simmiation of the Richtmyer-Meshkov problem agrees
with the experimental results of Renjamin, and the rate of growth of a Ravleigh Taylor mixing
layer inereases with increasing compressibility.
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Table 2a
The growth rate o for a Rayleigh-"Tay Lor mixing layer

—— 1

‘Tnble 2b

A comparsion of a to RG Theory

Line | M- Domain kynax fk,,,,., Modes | Samples | Modulanon 0

T T [ 208 <300 | 36 | 2 13 1 Yos oo
9 208 = 300 | 18 6 13 | Yos 059
3 WA IO [ 22 | 1 13 1 Yes 66 £ 004
1 208 x 300 | 22 | 1o 13 N No UGN £ 004
5 510 = 300 | 78 [ 39 10 | Yes 072
B 2 | 320 x 300 [ 37 IR 20 1 No OR4 £ .003
T 3 320 =300 [ a7 IR 20 1 No 006 1 .004
% | 5 | 104x300 [ 10 5 6 1 Yes 076
9 W04 x300) 10 | 5 6 8 No 099 4 QU8
10 120300 | 37 | 18 20 ! Yos 105
11 320300 | 37 | Iw 20 N No 121 £ 006
12 20=300 | 2 | 9 20 1 Yos 106
13 320 x 300 | 57 | 4R 20 1 Yos 106
14 640 x 300 | 71 | 35 10 | Yeos 119
15 060 « 300 | 114 | 55 65 | Yoy 123
16 1980 x 300 | 150 [ 80 R0 1 Yos 116
7 1 1T [ 6i0<300 71 ] 35 10 I Yon NECA
IR G0~ 300 | 1| A5 | en |1 Yox | L

117

ll.-,.,ﬂ.

Yimodel

error (Y4)

0.1
02
0.3
05
1.0

0.062 0.070
0.0R1-0.087
0 092-0.100
0.114-0.128
0.137-0.114

0.064-0.076
0.073-0.080
0 OR0- 0.086
0.089 0.094
0.105-0.107

—e

0
1

T
19
24

TABLE 2. Table 2a shows the restlts of our numerical computations of the growth r

for a Rayleigh-"Taylor mixing layer. A Comparison of e as predicted by numerical simulatie,,
vi. the renormalization group theory s shown i table 2b This table i reproduced from

reference [3).
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